We determine the minimum number of vertices needed to provide balanced triangulations of S d−2 -bundles over S 1 . If d is odd and the bundle is orientable, or d is even and the bundle is non-orientable, the minimum number of vertices is 3d; otherwise, it is 3d + 2. Similar results apply to all balanced simplicial complexes that triangulate homology manifolds with β 1 = 0 and β 2 = 0, where β i 's are the Betti numbers, computed with coefficients in Q.
Introduction
What is the minimum number of vertices needed to construct a triangulation of S d−2 × S 1 or of the non-orientable S d−2 -bundle over S 1 ? This question was first studied by Kühnel in [7] for PL-triangulations, where he gave a construction with 2d + 1 vertices. Later Bagchi and Datta [2] proved, in the context of topological triangulations, that any non-simply connected (d − 1)-dimensional closed manifold requires at least 2d + 1 vertices, and if it has 2d + 1 vertices, then it is isomorphic to one of Kühnel's minimal triangulations. In the same year, Chestnut, Sapir and Swartz [4] established a similar result. In fact, they characterized all pairs (f 0 , f 1 ), where f 0 is the number of vertices and f 1 is the number of edges, that are possible for triangulations of S d−2 -bundles over S 1 . Both papers [2] and [4] showed that if d is odd and the bundle is orientable, or if d is even and the bundle is non-orientable, then the minimum number of vertices needed is 2d + 1, while in the two other cases, the minimum is 2d + 2.
It is natural to ask the same question for the case of balanced triangulations. In [6] , Klee and Novik gave an explicit construction of a 3d-vertex balanced simplicial complex whose geometric realization is a sphere bundle over the circle (orientable or non-orientable depending on the parity of d). They also described similar constructions with any number n ≥ 3d + 2 of vertices that provide triangulations of both orientable and non-orientable S d−2 -bundles over S 1 . However, they left open the question whether such 3d-vertex construction is unique, and whether there exists a (3d + 1)-vertex triangulation.
In this paper, we answer these two questions by providing an affirmative answer to the conjecture raised in [6, Conjecture 6.8] . We show that the construction of balanced 3d-vertex triangulation in [6] is unique in the category of homology (d − 1)-manifolds with β 1 = 0 and β 2 = 0, where Betti numbers are computed with coefficients in Q. In particular, it applies to all S d−2 -bundles over S 1 for d > 4; and in the case d = 4, only the non-orientable S 2 -bundle is relevant, where in fact β 2 = 0. Besides that, we also show that there exist no balanced (3d + 1)-vertex triangulations of S d−2 -bundles over S 1 .
The paper is structured as follows. In Section 2, we review the definitions and basic facts that will be necessary for our proofs. In Section 3, we establish the uniqueness of the balanced 3d-vertex construction, see Theorem 3.6. In Section 4, we verify that no balanced (3d+1)-vertex triangulation exists, see Theorem 4.6.
Preliminaries
A simplicial complex ∆ on vertex set V is a collection of subsets σ ⊆ V , called faces, that is closed under inclusion, and such that for every v ∈ V , {v} ∈ ∆. For σ ∈ ∆, let dim σ := |σ| − 1 and define the dimension of ∆, dim ∆, as the maximum dimension of the faces of ∆. The facets of ∆ are maximal under inclusion faces of ∆. We say that a simplicial complex ∆ is pure if all of its facets have the same dimension.
We
denotes the number of i-dimensional faces of ∆. It is often more convenient to study the h-numbers
If ∆ is a simplicial complex and σ is a face of ∆, the star of σ in ∆ is st ∆ σ := {τ ∈ ∆ : σ∪τ ∈ ∆}, and the contrastar of σ in ∆ is cost ∆ σ := {τ ∈ ∆ : σ ⊆ τ }. We also define the link of σ in ∆ as lk ∆ σ := {τ − σ ∈ ∆ : σ ⊆ τ ∈ ∆}, the deletion of a subset of vertices W from ∆ as ∆\W := {σ ∈ ∆ : σ ∩ W = ∅}, and the restriction of ∆ to a vertex set W as ∆[W ] := {σ ∈ ∆ : σ ⊆ W }. Finally, we recall that F ⊆ V is a missing face if F / ∈ ∆ but all proper subsets of F are faces of ∆; F is a missing k-face if it is a missing face and |F | = k + 1.
A simplicial complex ∆ is a simplicial manifold if the geometric realization of ∆ is homeomorphic to a manifold. We denote byH * (∆; k) the reduced homology with coefficients in a field k, and denote the reduced Betti numbers of ∆ with coefficients in k by
Buchsbaum over k if ∆ is pure and for every nonempty face σ in ∆, and every
is Buchsbaum over k, and for every pair of faces σ ⊆ τ of ∆, the map i * :
denotes the relative homology.) A simplicial manifold is a homology manifold as well as a Buchsbaum complex over any field k. An orientable k-homology manifold is Buchsbaum* over k. The following lemma [3, Theorem 3.1] provides a basic property of balanced Buchsbaum* complex.
For more properties of balanced Buchsbaum* complexes, see [3] for a reference.
We will also need some basic facts from homology theory, such as the Mayer-Vietoris sequence, we refer to Hatcher's book [5] as a reference.
The 3d-vertex Case
The main goal of this section is to prove Theorem 3.6, where we verify that the construction of the balanced 3d-vertex triangulation of S d−2 -bundle over S 1 provided in [6] is unique. Our result then implies part 1 of Conjecture 6.8 in [6] . We begin with presenting this construction.
A d-dimensional cross-polytope is the convex hull of the set 
where each vertex with index i has color i. Then BM d is exactly the complex we get after forming two connected sums followed by a handle addition that identifies
Now we establish a few other lemmas, the first of which is well-known. 
Proof:
For {i, j, k} = [3] , since G i ∩ G j is a graph on 2s − 1 vertices and it has s connected components, one of the connected components must be a single vertex; we let it be u k . We claim that u 1 , u 2 , u 3 are distinct. Otherwise, assume that u 1 = u 2 . Since every edge of G 3 is an edge of either G 1 or G 2 , it follows that G 3 = (G 1 ∩ G 3 ) ∪ (G 2 ∩ G 3 ) . By the assumption, {u 1 } = {u 2 } is a connected component in both G 2 ∩ G 3 and G 1 ∩ G 3 . This, however, contradicts the fact that G 3 is connected.
Next consider
Finally, we quote Theorem 6.6 of [6] , which will serve as the main tool in proving our theorem. 
If
d ≥ 2, then f i−1 (∆) ≥ f i−1 (BM d ) for all 0 < i ≤ d.
Moreover, if d ≥ 5, and (f
Now we are in a position to prove the main result of this section. 
Proof:
Since ∆ is a homology manifold that is not a homology sphere, ∆ is not a suspension. Therefore, ∆ must have 3 vertices of each color. Since ∆ is a balanced 3d-vertex homology (d − 1)-manifold, by part 1 of Lemma 3.5 and Lemma 3.1,
However, since every vertex of ∆ is adjacent to at most 3d − 3 vertices, We fix some notation here. Given a simplicial complex Γ, we denote the number of connected components in Γ by c(Γ) and the graph of Γ by G(Γ). We let V 1 = {v 1 , v 2 , v 3 } be the set of vertices of color 1. For every pair {i, j}
Since all codimension-1 faces of ∆ are contained in exactly two facets of ∆, it follows that ∆ i,j = ∆\V 1 , and hence that for {i, j, k} = {1, 2, 3},
Below all homologies are computed with coefficients in Q. We suppress Q from our notation. Applying the Mayer-Vietoris sequence to
Taking m = 1, we conclude that
(The second equality follows from Lemma 3.3.) Also taking m = 0 yields that dimH
and it is independent of the pair i, j, so we set s := c(∆ i,j ). Similarly, applying the Mayer-Vietoris sequence to ∆\V 1 = ∆ i,j ∪ lk ∆ v k , we infer that
Now letG(lk ∆ v i ) be the graph obtained from G(lk ∆ v i ) by identifying all the vertices in the same connected component in ∆ 1,2,3 as one vertex. We consider V (G(lk ∆ v i )) as the vertex set U (hence each vertex in U represents a connected component in ∆ 1,2,3 ) andG(lk ∆ v i ) as G i from Lemma 3.4. SinceG(lk ∆ v i ) and G(lk ∆ v i ) are both connected, and the argument above implies that G 1 , G 2 , G 3 satisfy all the conditions in Lemma 3.4, we conclude that there exists a connected component
, it follows that A 1 , A 2 and A 3 are the only connected components in ∆ 1,2,3 , and each of them has d − 1 vertices. We obtain that
where the "−(d − 1) 2 " on the right-hand side comes from the fact that no edges between A j and A k exist in lk ∆ v i , and "−2(d − 1)" comes from the fact that no vertex in A i can be connected to the other two vertices of the same color. But the lower bound theorem for balanced connected homology manifolds [6, Theorem 3.2] implies that
for all i = 1, 2, 3. Applying the same argument to vertices of other colors, we obtain that for all v ∈ V (∆),
which, by Lemma 3.1, is the number of 2-faces in BM d . Then part 2 of Lemma 3.5 implies that ∆ is isomorphic to BM d .
The (3d + 1)-vertex Case
The goal of this section is to show that no balanced (3d+1)-vertex triangulation of S d−2 -bundles over S 1 exists. In [6, Theorem 3.8], Klee and Novik proved that any balanced normal pseudomanifold ∆
Our first step is to show that this result continues to hold for Buchsbaum* complexes. We begin with the following lemma.
Lemma 4.1. Let ∆ be a Buchsbaum* complex over a field k. If ∆ has a t-sheeted covering space ∆ t , then ∆ t is also Buchsbaum* over k.
Proof:
The proof follows the same ideas as in [9, Theorem 4.3] and [6, Theorem 3.8] . Let X = |∆| and let X t be a connected t-sheeted covering space of X. The triangulation ∆ of X lifts to a triangulation ∆ t of X t , which is also balanced.
By the previous lemma and Theorem 4.1 in [3] ,
Also by Proposition 4.2 in [9] , for i = 1, 2,
The existence of a connected t-sheeted covering space of |∆| with β 1 (∆; Q) = 0 for arbitrary large t implies the in-particular part.
The previous lemma implies the following: 
Then applying the Mayer-Vietoris sequence, we obtain that for i = 1, 2, 
Hence applying the same argument that uses Lemma 3.4 in the proof Theorem 3.6, we conclude that there exist disjoint subcomplexes
is not connected for i = 1, 2, 3. However, by Alexander Duality, this implies that
Hence the subcomplex lk
Since every vertex in W has the same color, it follows that |V (
We proceed using the same argument as in Theorem 3.6, and the result follows. Similarly, every vertex in ∪ 4 i=1 V i is not connected to at least one vertex in V 5 . So there are at least 9 missing edges between the sets ∪ 4 i=2 V i and W in ∆. Since ∆\V 1 is Buchsbaum*, by Lemma 4.2,
The complete 4-partite graph on 13 vertices has 63 edges, so there are no more than 4 missing edges between ∪ 4 i=2 V i and V 5 . This leads to a contradiction and hence no such triangulation exists.
We are now ready to state the theorem. 
